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Absence of resonant enhancements in some inclusive rates

R. F. Sawyer*
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A toy model is defined and solved perturbatively with the aim of examining some claimed ‘‘resonant’’
enhancements of certain reaction rates that enter popular models of leptogenesis. We find~a! that such en-
hancements are absent, and~b! that the perturbative solution, as done correctly using finite-temperature field
theory, is well defined without the ‘‘resumming’’ procedures found in the literature. The pathologies that led to
the perceived need for these procedures are an artifact of uncritical use of weighted vacuum cross sections in
the determination of rates, without adequate attention to the effects of the medium upon the single particle
states within it.
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I. THE MODEL AND ITS SOLUTION

In some approaches to leptogenesis calculations base
the assumed existence of heavy leptons, certain ‘‘reson
effects play a key role@1–10#. In the present paper w
present a toy model in which, we believe, one can exam
authoritatively some assumptions that are often made in
dynamical treatment of these models, but which we shall fi
are false. We also intend our results to serve as a cautio
warning against the uncritical calculation of reaction rates
media by averaging vacuum cross sections, calculated
turbatively, over unperturbed thermal distributions for t
participating particles.

We consider a set of particles described by:

~1! A scalar~Higgs! field, F.
~2! A heavy neutral lepton fieldN.
~3! A light neutrino fieldL.
~4! A light ‘‘antineutrino’’ field L̄.

We can make our dynamical point most economically in
nonrelativistic framework in which the fieldsN,L,L̄ all con-
tain only annihilation~positive frequency! terms. If we were
to constructing sums of dangerous Feyman graphs, or th
which enter the pathologies that we will be discussing, th
would be a detailed correspondence between the graphs
duced in the models of the literature and those produced
the model below, where the particle annihilated byL̄ is in-
deed the antiparticle of the particle annihilated byL.

The couplings that we shall include are those that ena
the processes:N↔L1F with a strength parameterg that is
small enough to allow perturbative development in pow
of g; and N↔L̄1F with a strength parameterg8 which is
taken as very small. We seek results for the rate of chang
the number ofL̄ ’s, to lowest orderg82. The interesting ques
tion is now how the interactionsN↔L1F, with strengthg
perturb the lowest order result; the usual ‘‘resonant’’ calc
lations find terms that are effectively of lower order ing than
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The physical context will be the following: without trac
ing the system back to its creation, I take it to have evolv
long enough, and to be subject to external influences
change slowly enough, for theN,L,F system to have

reached equilibrium. In contrast, theL̄ sector is not in equi-

librium; for simplicity we take the number ofL̄ ’s to be zero
at our initial time. The qualitative problem to be address

originates in the fact that there are reactions likeL1F→L̄
1F in which the intermediateN is unstable. This raises
some familiar questions about the treatment of unstable
ticles in field theory. But we would prefer to call them ‘‘fa
miliar pseudo-questions,’’ in view of our contention that the
mal field theory turns its crank in the same way, oblivious
whether particles are stable or not, as long as we calcu
rates that are sufficiently inclusive.

To exhibit the general structure of such processes requ
only one particle in each reaction to have a distribution

energy in its states. We take anL or anL̄ of momentumpj to
have energyEj . The L ’s will taken in a Fermi distribution,
nF(e j )5@11exp(bej)#

21 wheree j5Ej2mL . We take theF
particles all to have a common energy,EF . Taking the num-
ber of F states in a unit volume to be unity, the equilibriu
number density ofF ’s is just the Bose functionnB(eF)
5@exp(beF)21#21 whereeF5EF2mF . We take theN par-
ticles to have the same number of states, but with the Fe
distribution, nF(eN), whereeN5EN2mN . Finally we take
the speciesN,F,L to be in chemical equilibrium,mN5mF

1mL . The L̄ ’s will remain out of equilibrium.lations find
terms that are effectively of lower order ing than

1To make clear the specific correspondence of this remark w
leptogenesis scenarios in the literature, we cite, e.g., two equa
from Ref. @7#; Eq. ~13!, in which superficial dependence of a re
evant averaged cross section, is proportional to a factor (h†h)2,
whereh is a coupling constant, and Eq.~18! where the reaction rate
~or the leading term thereof! is found to be of orderh†h. Equivalent
equations occur in most of the references that we cite from
subject area.
©2004 The American Physical Society01-1
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L~x,t !5~vol!21/2(
j

cje
2 iE j teipj "x,

L̄~x,t !5~vol!21/2(
j

c̄ je
2 iE j teipj "x, ~1!

wherecj and c̄ j are the respective annihilation operators
L andL̄. RepresentingN andF, with annihilation operators
ai andbi , respectively we write the free Hamiltonian as

H05EN(
i

ai
†ai1EF(

i
bi

†bi1(
j

Ej~ci
†cj1 c̄ j

†c̄ j !.

~2!

A local interaction of the fieldsL and L̄ with the fieldsN
andF, where the latter two describe particles situated at
origin, is given by

HI5g(
j

F f ~Ej !

r~Ej !
G1/2

~cj1e c̄ j !@N†F# j

1g(
j

F f ~Ej !

r~Ej !
G1/2

~cj
†1e c̄ j

†!@NF†# j , ~3!

where we have defined

@N~ t !†F~ t !# j5E
V
d3xe2 ipj "xN†~x,t !F~x,t !, ~4!

@N~ t !F†~ t !# j5E
V
d3xeipj "xN~x,t !F†~x,t !. ~5!

The function f (Ej ) in Eq. ~3! includes the density-of-state
factor r(Ej ), defined such that (ky(Ek)
5*dEkr(Ek)y(Ek). It includes as well as any momentu
dependence of the effective coupling constant, and perh
an ultraviolet cutoff factor.2 We choose parameters such th
EN2EF.Ej for some range ofL,L̄ states. The coupling tha
is ‘‘lepton number violating’’ in the sense that we define
above is given byg8[eg.

In our detailed example, in order to address a probl
that is absolutely well defined, we take theN,F,L to be in
thermal and chemical equilibrium. We definemN ,mF ,mL as
the chemical potentials for these species, withmN5mF

1mL , and we define the quantities,eN5EN2mN and eF

5EF2mF . In the discussion section we shall return to t
relationship between the conditions assumed above and
somewhat different conditions that obtain in a typical lep
genesis calculation. But we emphasize that our point is no
recapitulate these calculations, but rather to address in
simplest terms the dynamical questions raised below.

2Of course all local, relativistic models will have vacuum pr
cesses that give ultraviolet divergences that need to be remove
renormalization. However, these are irrelevant to the issues we
with here.
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Now we easily see the problem of the Feynman gra
approach. To first orderg82 and in the zeroth order ing2 the
rate of production ofL̄ ’s per unit volume, where the initia
state has noL̄ ’s is

w(0)52pg82nF~eN!@11nB~eF!# f ~EN2EF!, ~6!

wherenF is the Fermi distribution,nF(e)5@11exp(be)#21,
nB is the Bose distribution,nB(e)5@exp(be)21#21 and b
[1/T. To first order ing2 we have two processes that pr
duceL̄ ’s:

~A! The process,F1L→N→F1L̄ with the rate

w(1)52pg2g82nB~eF!@11nB~eF!#

3E dEi

nF~Ei2mL! f ~Ei !
2

~EN2EF2Ei !
2 . ~7!

~B! The process,N1L→F1L̄1L→N1L̄. For peda-
gogical simplicity we arrange the initial densities such th
this process is insignificant compared to that of A. We po
out in the subsequent treatment exactly the way in which
perturbative anomalies in the rate for this second process
cancelled.

The prevailing view in the literature is that the singulari
in the integrand in Eq.~7! is regulated by a ‘‘resummation’
that makes the replacement

U 1

~EN2EF2Ei !
U2

→U 1

EN2EF2Ei2 igU
2

, ~8!

whereg is the decay width of theN particle, followed by
another replacement,

U 1

EN2EF2Ei2 ig
U2

5U EN2EF2Ei1 ig

~EN2EF2Ei !
21g2U2

→U ~EN2EF2Ei !
2

~EN2EF2Ei !
21g2U2

. ~9!

The first replacement, above, is the obvious one to take
account the nature of an unstable particle in an intermed
state. The second replacement is supposed to remove a
ceived double-counting, where a term in the resonance
duction G1 in the reactionL1F→L̄1F has recapitulated
the decay rate from the direct decay of anN. We computeg
from the decay rate forN→L1F alone, and it is of order
g2, whence,

E dEinF~Ei !
f ~Ei !

2~EN2EF2Ei !
2

@~EN2EF2Ei !
21g2#2 5O~g22!. ~10!

With this modification,w(1) of Eq. ~7! is of order g82, or
reduced by two orders ofg from the superficial behavior o
the graph, by virtue of the singularity regulation. We do n
elaborate further on this procedure, which we claim to b
plausible series ofAnsätze, but incorrect.
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ABSENCE OF RESONANT ENHANCEMENTS IN SOME . . . PHYSICAL REVIEW D 69, 083001 ~2004!
To find the correct expansion in powers ofg of the com-
plete rate calculated to orderg82, we show first that the field
equations themselves give a simple formal expression, v
to orderg82, for the net rate of change of the number ofL̄ ’s
~the analogue in our model of the rate of the change of lep
number in the theories which we are explicating!. This ex-
pression is of the form of a Fourier transform of an expec
tion value of a product two ‘‘currents’’ evaluated at differe
space-time points, and is valid forany configuration of the
bystanding medium in which we are to take the expecta
value.

We defineQ5( j c̄ j
† c̄ j and note thatQ would be con-

served but for theeg[g8 terms inH. We have

dQ

dt
5 i @H8,Q#5 i ~K12K2!, ~11!

where

K15g8(
j

F f ~Ej !

r~Ej !
G1/2

c̄ j@N†F# j ,

K25g8(
j

F f ~Ej !

r~Ej !
G1/2

c̄ j
†@Nf†# j . ~12!

We wish to calculatê dQ/dt& where the bracket indicate
the average value in the medium. In the absence of the
pling g8 we choose the initial medium to be in an eigenst
of Q @we shall ultimately takeQ to be zero, as in the ex
amples of Eqs.~6! and ~7!, but this is not necessary#. Then
the expectation values ofK1 andK2 are zero. The terms o
order g82 in the expectation value fordQ/dt are generated
by considering the linear response to the part of the Ham
tonian that is proportional tog8, namely,dH5K11K2.

The linear response of a Heisenberg operatorA(t), evalu-
ated att50, to a perturbation in the Hamiltonian ofdH is
given by

dA~0!52 i E
2`

0

dt@A~0!,dH~ t !#. ~13!

Thus we can exhibit the term that is second order ing8 in the
expression for theoperator dQ/dt, as

dQ/dt5E
2`

0

dt@„K1~0!2K2~0!…,~K1~ t !1K2~ t !!#.

~14!

Following the steps of Ref.@11#, Appendix A, and noting tha
the terms involving twoK1’s or two K2’s in Eq. ~14! each
give vanishing contributions, we use time translational
variance and the antisymmetry of the commutator to obt

w[^dQ/dt&5E
2`

`

dt^@K1~ t !,K2~0!#&, ~15!

where we have now used the brackets to indicate the ex
tion in whatever ensemble we choose for theN,F,L par-
08300
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ticles. We could also have obtained Eq.~15! starting from the
standard ‘‘reduction formulas’’ of field theory.

Choosing an equilibrium ensemble forN,F,L we get the
rate expression

w5Z21TrFe2b(H2(nim i )E
2`

`

dt@K1~ t !,K2~0!#G , ~16!

where Z is the partition function and where we take th
chemical potentials to satisfy the equilibrium conditionmN
5mL1mF . We specialize to the case in which there are
L̄ ’s in the medium so that only the term withK1 on the left
in the commutator in Eq.~16! enters, and we set the expe
tation of c̄i c̄i

† equal to unity, giving

w5g82E dEj f ~Ej !r ~Ej !, ~17!

where

r ~E!5Z21TrFe2b(H2(nim i )E
2`

`

dteiEt@N~ t !f†~ t !# j

3@N†~0!f~0!# j G . ~18!

We note that the right-hand side~RHS! of Eq. ~18! ap-
pears to depend on the indexj. It is the independence of th
N and F energies on the respective particle momenta t
makes the expressionj independent, after the trace has be
taken. With our normalizations all of the integrals over m
menta in the perturbation expansion of Eq.~18! will be unity,
and we need concern ourselves with the energy integ
only.

We now use the methods of thermal field theory to eva
ate the average in Eq.~18!. In thermal field theory, however
a Heisenberg picture operator is defined by

O~ t !5expF i S H2( nim i D t GOSchexpF2 i S H2( nim i D t G ,
~19!

and in Eq.~18! the time dependence of the operatorsN(t)
andf†(t) is given by the Hamiltonian alone. We can, how
ever, use the time dependences of Eq.~19! in Eq. ~18! pro-
vided thatE in Eq. ~18! is evaluated in the end atE5Ej
2mN1mf5Ej2mL , rather than atv j . We thus replace Eq
~17! by

w5g82E dEj f ~Ej !r ~Ej2mL!, ~20!

with the additional understanding that now the evaluation
r (E) in Eq. ~18! proceeds according to the rules of equili
rium statistical mechanics.

As a point of terminology, we note that the operators th
enter in the definition of the functionr (E), namelyNF† and
N†F, are the ‘‘currents’’ that enter the RHS of the fie
equations for the fieldsL and L†, divided by g. Thus the
1-3
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R. F. SAWYER PHYSICAL REVIEW D 69, 083001 ~2004!
thermal average of the unordered product, as we find it in
~18!, is directly related to the imaginary part of the se
energy function for theL field. The construction of therma
Greens functions proceeds in imaginary time, and ther
factors arise in the continuation back to real energies.
result is

r ~E!5
2

11ebE
Im@M ~E1 ih!#, ~21!

whereM (E) is the imaginary time self-energy~or ‘‘polariza-
tion part’’! for the L̄, andh is infinitesimal.3 The argument
of M0 reflects the continuation described above. Note t
the imaginary part of this polarization part is not related
any real decay of theL, which is stable; it arises from
energy-conserving processes in which theL meets aF from
the medium, making whatever state, before coming bac
the original configuration.

In the first part of the calculation ofM (E), given below,
E is assigned a value that is equal top im/b wherem is an
odd positive or negative integer, according to the rule for
discrete energies of fermions. At the end of this calculat
we have a function ofE which despite having been define
on a discrete set of points is the unique extension to
whole E plane that vanishes at infiniteE. This function is to
be continued to a nearly real energy, as indicated in Eq.~21!,
with the usual infinitesimal imaginary part inE. The quanti-
ties eF5EF2mF and eN5EN2mN remain real throughou
this calculation. The lowest order single-loop graph forL
→L has a (N,F) loop with circulating energy,vn which we
take to be the energy of theF line. The inverse propagato
for the F line is vn2eF ; then the energy associated wi
the N line is E1vn with inverse propagatorE1vn2eN .
The one-loop form forM, which we denote byM0 and which
is of zeroth order ing2, is given by the sum over Matsubar
frequencies as

M0~E!5b21 (
n52`

n5`
1

~vn2ef!~E1vn2eN!
, ~22!

where vn52p inb, in view of our choosingvn to be the
energy of the intermediateF ~i.e., boson! line in the self-
energy bubble. This sum can be evaluated using

b21 (
n52`

n5`

F~2pni !5E
C

dv

2p i

1

2
cotS bv

2 DF~ iv!, ~23!

which holds for a functionF(z) that has no singularities o
the imaginary axis. The contour, C, runs from2` to ` just
below the real axis, then returns to2` just above the rea
axis. We get

3The derivation of Eq.~21! for the case of fermionic currents i
given in Ref.@11#, Eqs.~4.3! to ~4.8!. It can also be found in Ref
@12#, Chap. 9, where it is, however, given explicitly for the Bo
case, so that the appropriate change must be made in the mu
cative thermal factor in order to obtain Eq.~21!.
08300
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M0~E!52E
C

dv

2p i

1

2
cotS bv

2 D F 1

~v2 i ef!~ iE1v2 i eN!G .
~24!

For evaluation on the lower part of the contour we use

1

2i
cotS bv

2 D5
1

2
1

1

eibv21
. ~25!

For the upper part of the contour we use

1

2i
cotS bv

2 D52
1

2
2

1

e2 ibv21
. ~26!

The contribution toM0(E) from the 61/2 terms in the
identities~25!, ~26! can easily be seen to vanish, since bo
poles of the multiplying factors of the integrand are in t
upper-half plane. The remaining parts, coming from the s
ond terms on the RHS’s of Eqs.~25! and~26!, are evaluated
by noting that we can close the contours at infinity and c
culate the residues atv5 i ef and atv52 iE1 i eN ~remem-
bering thatE is imaginary whereaseN and ef are real and
positive!, giving

M0~E!5
1

E2eN1ef
F 1

ebef21
1

1

ebeN11
G . ~27!

Note that the discrete value of the energy,E5 ipn/b with n
odd, entered here to create the Fermi distribution deriv
from the pole atv52 iE1 i eN . Next we use Eq.~27! in Eq.
~21!, obtaining

r ~E!52pg82d~E2eN1eF!~11ebeN2bef!21

3@~ebef21!211~ebeN11!21#

52pg82d~E2eN1eF!@12e2beF#21@11ebeN#21,

~28!

leading finally to the rate, as given by Eq.~20!

w(0)52pg82E dEj f ~Ej !d~Ej1EF2EN!@12e2bef#21

3@11ebeN#21. ~29!

Equation~29! is just the golden rule~6! for the lowest order
N→L̄1F process with the appropriate thermal facto
added for theN and theF.

While it may seem to have been a pointless task to de
the trivial lowest order rate in the above complicated w
the reward is that the corrections to orderg2 are now rela-
tively easy to define and to calculate. We need only to pu
the correction to theN inverse propagator, replacingE1vn
2eN in Eq. ~22! by E1vn2eN2P(E1vn), where
li-
1-4
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ABSENCE OF RESONANT ENHANCEMENTS IN SOME . . . PHYSICAL REVIEW D 69, 083001 ~2004!
P~x!5g2E dEj f ~Ej !F (
n852`

`
1

vn82ef

1

x2vn82e j
G ,

~30!

and wheree j5Ej2mL . The functionP is the self-energy
bubble in which theN goes virtually into aF and anL.

There is a completely analogous correction to theF in-
verse propagator, which we will not write down. If we ma
the appropriate replacement ofvn2eF in Eq. ~22! and ex-
panded, we would generate the scattering process B, i.N

1L→F1L̄1L→N1L̄, plus the appropriate singularity
regulating corrections to the basic decayN→L̄1F. The re-
sults of the calculations are completely parallel to those
will discuss that relate to process A. For simplicity only, w
stick to the range of parameters where the B channel is
favored.

In the language being used in the literature about
subject area, the relevant graphs have already been
summed’’ whenP is included in the inverse propagator. In
deed, the papers to which we compare our results keep
Im@P(x)#, where x5eN and the appropriate continuatio
has been made before taking the imaginary part. Howeve
we see below, no ‘‘resumming’’ of any kind is needed
order to get the complete and finite answer to orderg2. Thus
we simply use only the orderg2 term in the expansion of the
propagator, i.e. we make the replacement in Eq.~22!,

~E1v2eN!21→~E1v2eN!21

1~E1v2eN!22P~E1v!. ~31!

The last term supplies the orderg2 correction to the rate
given simply by replacingM0 in Eq. ~21! by

M1~E!5g2b21 (
n52`

n5` F 1

vn2eF

1

~E1vn2eN!2E dEj f ~Ej !

3 (
n852`

n85` 1

vn82eF

1

E1vn2vn82Ej
G , ~32!

and then substituting in Eq.~20!.
Actually, the structure of the expression~32! probably is

sufficient by itself to show that the answer is defined, a
finite, although we will show below the explicit form tha
results from doing thevn , vn8 sums, again using the iden
tities ~25! and~26!, followed be the continuation to~almost!
real values of the energy, followed by taking the imagina
part. Indeed, the problem with the perturbation theore
S-matrix approach that led to the perceived, and spurio
need for the ‘‘resummation,’’ is precisely the double pole
the integrand, (E1vn2eN)22. In the S matrix approach~in
the superficial treatments that have been followed! a closely
related factor appears under an integral in a generic f
(E1v2EN1 ih)21(E1v2EN2 ih)21, whereh is infini-
tesimal, the integration contour being squeezed between
singularities on both sides.
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In Eq. ~32!, no such problem arises in the evaluation. O
way of seeing this, and the best first step before doing
frequency sums, is to write (E1vn2eN)225(]/]eN)(E
1vn2eN)21.4 Then the sums are performed using Eq.~23!,
followed by the continuation, taking the imaginary part, a
finally taking theeN ~or En) derivative. Doing the frequency
sums, first for the inner sum in Eq.~32!, and then for the
outer sum, is a straightforward mechanical procedure,
we omit the details. The answer, after we substitute in
~20!, is remarkably simple,

w(1)52pg82g2
1

12e2b(Ef2mf)

1

eb(Ef2mf)21

3E dEj

f ~Ej !

11eb(Ej 2mL)

]

]EN
F F 1

Ej1Ef2EN
G

3F f ~Ej !2 f ~EN2Ef!
11eb(Ej 1Ef2mN)

11eb(EN2mN) G G . ~33!

This is the complete second order correction to the rate foL̄
appearance in the model described by the original Ham
tonian. We note that the term withf (Ej ) in the last factor is
exactly the~divergent! rate calculated from theL1F→L
1F Feynman graph, without ‘‘resumming.’’

Before interpreting the other term, which removes the
vergence, we take the limit of Boltzmann statistics~all m ’s
large and negative!

wB
(1)5g2g82eb(mf1mN2EF)E dEj f ~Ej !e

2bEj

3
]

]EN
F F 1

Ej1Ef2EN
G

3@ f ~Ej !2 f ~EN2Ef!eb(Ej 1Ef2EN)#G . ~34!

The integrands~after taking the continuum limit! in both Eq.
~34! and Eq.~33! are perfectly finite; they do not requir
regulation, or even principal value prescriptions. Moreov
there is no assurance thatw(1) is positive; the counterterm
with f (EN2EF) can easily outweigh the first term in the la
factor in Eq.~34!, and does so for some simple choices
f (E).

II. ALTERNATIVE APPROACH

There are two other ways of obtaining the same results
a careful real-time treatment as well, the inclusive ratew can
be expressed as the imaginary part of a two-loop amplitu
where the propagators are standard real time finite temp
ture propagators. In a correct formulation~with ih ’s defining
the integrals! all of the singularities are on the same side

4This trivial trick is unavailable in the standard S matrix approa
if we have resolved into exclusive final states since in that case
denominator function is not a square, but rather an absolute sq
1-5
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the integration contours, so that this amplitude is nonsin
lar. The real time approach may be less authoritative eve
is a quicker way to get to the result. See Ref.@13# for a
demonstration of its delicacy in some circumstances sim
to the ones of this paper. A real time approach based
Keldysh (232 matrix! Green’s functions should b
problem-free however.5

The third approach goes back to the vacuum S ma
calculation based on the Feynman rules but treats in add
the medium-dependent wave-function renormalization~MD-
WFR! that is required in such an approach@15#. We begin
from the lowest order result for the Boltzmann statistics ca
but modified as follows

wB
(0)52pg82eb(mN2EN2D) f ~EN2EF1D!Z2 , ~35!

which is just the Boltzmann limit of Eq.~6! but with an
energy shiftD for the N particle and a factorZ2, which is a
redefinition of the coupling constant. Now we calculate t
lowest order difference between this modified rate and
earlier lowest order result,

dwB
(0)5g82eb(mN2EN)FDS 2b1

]

]EN
D f ~EN2EF!

1~Z221! f ~EN2EF!G . ~36!

TheN propagator, with the single bubble self energy pa
is

S~E!5FE2EN1g2E dEj

f ~Ej !

Ej1EF2EG21

. ~37!

The identification of the energy shiftD andZ21 is accom-
plished by calculating the position of the pole of the prop
gator and the associated residue, both to lowest order,6 ob-
taining

5In principle, the Keldysh Greens function approach of Ref.@14#
should produce our results, both in the toy model and in the gen
leptogenesis models. The particular contribution that we have
cussed is contained in the two loop graph of Fig. 12c of this pa
a self-energy part for thel fields. However in the sample evaluatio
given in Ref.@14# of the imaginary part of this graph, the internalN
propagator is taken as an energy-independent~and point! interac-
tion, so that none of the problems that we have addressed
present. If instead one uses the propagator that creates the s
larities we have discussed in this paper, there will appear to
squares of delta functions in individual terms, which are charac
istic of real time approaches. But in the matrix~Keldysh! approach
of Ref. @14# these terms should cancel, once again, so that the
no need for ‘‘resumming’’ for purposes of regulation.

6These MDWFR parameters are not even dependent on the
dium, in a sense, in the present calculation. Note, however, that
would have been, if we had used the statistical factors in Eq.~33!
instead of taking the Boltzmann limit.
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D52g2E dEj

f ~Ej !

Ej1EF2EN
, ~38!

and

Z2215F11g2E dEj

f ~Ej !

~Ej1EF2EN!2G21

21

'2g2(
k

f ~Ej !

~Ej1EF2EN!2 . ~39!

Now we see that we can replace our imaginary time cal
lation of the last section by adding the ‘‘Feynman grap
result, the first term on the RHS of Eq.~34!, to dw(0) from
Eq. ~36!, using Eqs.~39! and~38!, and defining the result a
wmdw f r

(1) . The difference between this result and Eq.~34! is
given by

wB
(1)2wmdw f r

(1)

5g2g82ebmNE dEj f ~Ej !H ]

]EN
F f ~EN2Ef!e2bEN)

Ej1EF2EN
G

2

e2bENF2b1
]

]EN
f ~EN2EF!G

Ej1EF2EN

2
e2bENf ~EN2EF!

~Ej1EF2EN!2
J 50. ~40!

Thus we can get the identical result as Eq.~34!, with a lot
less work in the case of the present model, using the meth
of this section. There are some reasons to favor the im
nary time approach of the previous section.~a! Rather than
depending on the cancellation of terms that are only defi
formally, in a sense, the answer is never separated into i
vidually divergent terms.~b! In the model at hand, it is theN
propagator that serves to define the renormalization const
D and Z2. SinceN is an unstable particle, these definition
could be questioned.~c! In the more difficult relativistic
problem studied in@11# it was found that the terms61/2 in
Eqs.~25! and~26! played the special role of picking out th
‘‘vacuum’’ part of the expression, a part that was indepe
dent of the temperature and the density of the medium,
that carries ultraviolet divergences that are to be addresse
the usual fashion.

III. DISCUSSION

We explain further why the toy model poses the rig
question:

(a) Momenta and relativity. We not only left out relativ-
ity, but we discarded the kinetic energies of two of our fo
kinds of particles. In a limit in which theN andF are very
massive, this is not such a bad mutilation, since the kin
energychangefor the heavy particle in any of our reaction
would be small in any case. What if all the particles h
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finite mass and were relativistic? In the first place we wo
have a bigger manifold of nontrivial integration for the tw
loop processes. In Eq.~32! we had a sum over momenta fo
the L line only; in the realistic case there will be integra
over two three-dimensional loop momenta, and the const
EN ,EF would be replaced by functions of the momen
Moreover, there would be many further dependences of
summand on the loop energies, reexpressed as Matsu
frequencies, coming from the relativistic propagators. Ho
ever, as regards to the double-pole singularity in ene
which enters, when the innocent factors multiplying this p
are evaluated at the pole position, the resulting structure
recapitulateexactly the structure that we dealt with abov
Thus we are assured that there is no ‘‘resummation’’ requ
to obtain a finite answer, again of orderg82g2, and therefore
probably no real point in doing the detailed calculation.

(b) The initial state.The actual models being used
leptogenesis are of sufficient internal complexity to rath
frustrate the nonspecialist~such as the present author! in con-
fronting some of the details in this regard. Thus we avoid a
comments on the larger issues and stick with our model w
four species. But to begin with our first arbitrary assumpti
that the number ofL̄ ’s in the medium was zero, this was ju
for convenience, in order to have half as many terms to d
with. When, in the derivation of Eq.~17! we setc̄i c̄i

†51, and
c̄i c̄i

†50 we could have set

^c̄i c̄i
†&512nF~Ei2m L̄!,

^c̄i
†c̄i&5nF~Ei2m L̄!, ~41!

and calculated separately the terms for the creation and
struction ofL̄ ’s, and, if we liked, the back reaction onm L̄ .
Taking the fieldL̄ to be the true antiparticle manifestation
the field L and adding an equilibration process~self-
conjugate boson! ↔L1L̄, we could also watch the system
move towards its true equilibrium with equal numbers ofL

andL̄ particles andmL5m̄L50. But our point was rather to
show how we can calculate the separate rates for the te
that increase and decrease the lepton number, and to s
that these terms are individually free of the ‘‘resonance’’ p
thology. Could one contrive an initial state in which the p
thology was real? Perhaps one could, although the answ
not obvious. But, to put questions like this into context, w
might reflect on the role of statistical mechanics in ea
universe problems. To the extent that we have equilibriu
everything is well defined and it is easy to retrieve the
sults. We can also address situations that are out of equ
rium by a little, or which are in thermal but not chemic
equilibrium. The tools that we have described are suffici
for these cases. To go farther in taking systems out of e
librium is tricky. We must hope that physics does not for
us to follow the complete history of each degree of freedo

We note that the authors of Ref.@9# agree with the quali-
tative conclusion~no resonant enhancement! that we express
above. However, they achieve this result by subtracting tw
as much from the ‘‘resonant’’ term than is implied by th
replacement~9!. Besides being arbitrary~in our opinion!,
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this procedure leads to completely incorrect residual term
orderg2g82 as one can see by comparison with our results
one wants to follow the graph-based~exclusive! approach,
there appears to beno alternativeto correctly treating the
wave function renormalization processes as in the last
tion.

To calculate the analogue of ourg2g82 terms, but in a full
relativistic model, one could follow the steps more or le
outlined above, first reducing the question to that of the eq
librium average of a product of currents, then using the st
dard methods of statistical mechanics. We would argue, h
ever, that one never needs these terms. Ifg is small, then they
do not matter compared to the straightg82 term. If g is large,
perturbation theory is inapplicable, and the answer is a
body’s guess. Since we are not working in a situation
which coupling constants are exactly known, and since
do not seek precision results, these higher order effects m
be irrelevant.

We have followed a very computational path to arrive
our conclusions. There surely are considerations that wo
obviate the need for ‘‘toy models’’ to demonstrate the ex
tence of the perturbation expansion of inclusive rates t
derive from formal expressions like that of Eq.~18!, even
when the expansions for exclusive rates do not exist.
reemphasize that is exactly what happened in the toy ca
lation; if we do exclusive calculations with graphs, the co
rections to theN→F1L̄ rate and the lowest orderF1L

→F1L̄, each separately contain terms that are infinite
perturbation theory~without theig device!, but which cancel
in the inclusive rate. A graphical calculus of the inclusi
rate begins with a current at one end and another curren
the other end, with instructions to take the imaginary par
get the rate. When graph has two or more loops,7 then there
are ‘‘cutting rules’’ which in principle give the inclusive rate
but where the individual cuts give the contributions of va
ous processes. These rules, as well as the general field-th
background for our calculations are given in Ref.@16#. What
we have shown is that it is advisable not to use these ‘‘c
ting rules,’’ but instead to do some integrals and comb
some terms before taking the imaginary part. There is pr
ably an provable general result that the inclusive rate is f
of the pathologies addressed in this paper. In an analog
case of radiative processes in zero-temperature field the
this was proved long ago@17,18#. Thus, for example, brems
strahlung divergences in exclusive amplitudes do not af
one’s ability to compare laboratory cross sections to co
pletely perturbative predictions.

The reader may note that in the present model the pr
lems arise because of an unstable field,N. What if we change
the masses so that the decay is forbidden? Then, of cours
the order that we have considered, there are no issue
address. If one were rash enough to look at perturbative
rections to these rates, however, involving more particles
the medium as well as corrections that would be called ‘‘

7Note that in our terminology, the basicN decay is ‘‘one loop’’
and the scattering process is ‘‘two loop.’’
1-7
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diative,’’ all of the same issues will surface. Following the
matrix approach~adding up graphs and weighting with the
mal factors! in this case might well give finite correctio
terms. But they will be the wrong terms, unless we do~finite!
medium-dependent wave-function renormalization correc
The issues raised in this paper are really not those of tr
ment of unstable particles, but rather those of how one d
field theory in a medium.

To sum up with respect to the leptogenesis models: in
opinion there will not be a resonant enhancement of an
clusive rate for change in lepton number. If our toy mode
deemed inadequate for making this point, then the au
making this claim should at least find an alternative to
incorrect procedures of Eqs.~8! and ~9!; if these procedures
are conceptually wrong in a simple case, then they are wr
in a more complicated case.8

We comment briefly on another problem in which exac
the same issues have surfaced, and in which ‘‘resummin
in the sense used above, also gives correction terms tha
both of the wrong order in coupling parameters and of
wrong sign. The physical situation is the scattering of a n
trino from a nucleon in the supernova environment. Ther
a ‘‘zeroth order’’ quasielastic rate which is just the~neutral
current! vacuum rate, given by cross section times dens
But if one looks at a Feynman graph for the correction ter
in which the nucleon that interacts with the neutrino is sc
tered by other nucleons, the~squared! first order correction to
the amplitude has a singularity that is nonintegrable, t
coming from the kinematical region in which no energy
exchanged. The authors of Refs.@20–23# have addressed thi
problem by putting a finite imaginary part in a denominat
and relating this imaginary part to a~strong! nucleon-
nucleon scattering rate in the medium.

But in a consistent perturbation development the singu
ity in question is cancelled by the interference between
second order amplitude, dead forward and elastic for
spectator particle, and the zeroth order result, disconne
from the spectator@24#. The interpretation of this last term i
exactly that of medium-dependent wave function renorm
ization. We emphasize that while doing calculations this w
beginning with Feynman graphs, can get to the right ans
if done carefully enough and in a framework that recogni
wave-function renormalization, theab initio methods of the
present paper are a more convincing way of getting the s
results. Interestingly, although the conventional name gi
to the source of the difficulties in the neutrino problem~a

@1# E.W. Kolb and S Wolfram, Nucl. Phys.B172, 224 ~1980!.
@2# M.A. Luty, Phys. Rev. D45, 455 ~1992!.
@3# J.M. Cline, K. Kainulainen, and K.A. Olive, Phys. Rev. D49,

6394 ~1994!.
@4# A. Pilaftsis, Nucl. Phys.B504, 61 ~1997!; Phys. Rev. D56,

8We should emphasize that our remarks have no bearing~that we
know of! on the treatment of models with a number of Fermi
species, closely spaced in mass, for example in Ref.@19#.
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‘‘colinear divergence’’! is an entirely different name to tha
given to the source in the leptogenesis problem~‘‘unstable
field’’ !, the resolution in the two cases is almost identical

This neutrino problem can also serve to crystallize on
understanding of why the effect of adding an interaction t
creates a new channel for producing something often giv
reduction in the rate of this production. In every such pro
lem there is a sum rule that says that the integrals
momentum-space matrix elements of some weak curre
weighted by kinematical factors, are independent of the ot
interactions in the medium. When we turn on, say, t
nucleon-nucleon interaction in the above example,
‘‘strength’’ as defined by the sum rule, is rearranged. T
strength often moves toward domains that are out of
kinematical domain allowed for the process that we are c
culating. Thus we are not surprised that even when an ine
tic channel is opened for neutrino scattering, by includingN-
N interactions, more than enough strength is taken aw
from the zeroth order~quasielastic! channel to reduce the ne
neutrino scattering rate. In the problem discussed in
present paper the sign of the first order correction depend
the function f (Ek). In the actual leptogenesis calculatio
done correctly, it could well be that the first order chang
would be a reduction of the reaction rate, not the incre
that one finds in the literature.

We cannot refrain from commenting on an irony of hi
tory. In the late 1960s in the particle physics world it w
politically incorrect to express the belief that there is an u
derlying Hamiltonian. So people asked, ‘‘if you don’t have
Hamiltonian, how do you find the partition function, T
@exp(2bH)#?’’ The classic paper by Dashen, Ma and Ber
stein@25# answered exactly this question. This paper show
very generally how one can find the partition function from
matrix elements, for the case of particles interacting via tw
body interactions. Of course, our questions go a little fart
than that of finding a partition function, and the interaction
our problem is more complex as well, since we have part
production and annihilation. If we ask, ‘‘how do we answ
our questions using only S matrix elements?’’~which is
surely possible!, the answer must be ‘‘very carefully.’’ The
irony is that in the present era we work from a Hamiltonia
and that it is intrinsically clearer just to calculate the quan
ties of interest from this Hamiltonian directly, rather tha
going through the intermediary of an S matrix.
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