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Absence of resonant enhancements in some inclusive rates
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A toy model is defined and solved perturbatively with the aim of examining some claimed “resonant”
enhancements of certain reaction rates that enter popular models of leptogenesis. Ve thiatl such en-
hancements are absent, aiwl that the perturbative solution, as done correctly using finite-temperature field
theory, is well defined without the “resumming” procedures found in the literature. The pathologies that led to
the perceived need for these procedures are an artifact of uncritical use of weighted vacuum cross sections in
the determination of rates, without adequate attention to the effects of the medium upon the single particle
states within it.
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I. THE MODEL AND ITS SOLUTION the superficial estimatg’2g®.*
The physical context will be the following: without trac-
In some approaches to leptogenesis calculations based my the system back to its creation, | take it to have evolved
the assumed existence of heavy leptons, certain “resonantong enough, and to be subject to external influences that

effects play a key rold1-10. In the present paper we change slowly enough, for thél,L,® system to have
present a toy model in Wh'Ch’_ we believe, one can examingeached equilibrium. In contrast, thesector is not in equi-
authoritatively some assumptions that are often made in the o —
dynamical treatment of these models, but which we shall find/Prium; for simplicity we take the number df’s to be zero
are false. We also intend our results to serve as a cautionaff Our initial time. The qualitative problem to be addressed
warning against the uncritical calculation of reaction rates inoriginates in the fact that there are reactions like ® —L
media by averaging vacuum cross sections, calculated pet-® in which the intermediatéN is unstable. This raises

turbatively, over unperturbed thermal distributions for thesome familiar questions about the treatment of unstable par-

participating particles. ticles in field theory. But we would prefer to call them “fa-
We consider a set of particles described by: miliar pseudo-questions,” in view of our contention that ther-
mal field theory turns its crank in the same way, oblivious to
(1) A scalar(Higgs) field, . whether particles are stable or not, as long as we calculate
(2) A heavy neutral lepton field\. rates that are sufficiently inclusive.
(3 Alight neutrino fieldL. To exhibit the general structure of such processes requires
(4) Alight “antineutrino” field L. only one particle in each reaction to have a distribution of

energy in its states. We take &ror anL of momentunp; to

We can make our dynamical point most economically in &, energ)E; . TheL’s will taken in a Fermi distribution,
nonrelativistic framework in which the fields,L,L all con- ne(e) =[1+exp(Be)] * wheree;=E; — u, . We take theD
tain only an_nlhllatlon(posnwe frequencyterms. If we were particles all to have a common energy, . Taking the num-
to constructing sums of dangerous Feyman graphs, or thoggy ot states in a unit volume to be unity, the equilibrium

which enter the pathologies that we will be discussing, ther(?1umber density ofb's is just the Bose functiomg(eg)

would be a detailed correspondence between the graphs pro- ) I s
duced in the models of the literature and those produced b%/ [exp(Beg) —1] ~whereeq=Eq — i . We take theN par .

) . - icles to have the same number of states, but with the Fermi
the model below, where the particle annihilatedLbys in-

S . L distribution, ng(ey), Where ey=En— uy . Finally we take
deed the antiparticle of the particle annihilatedlby - : ; T _
The couplings that we shall include are those that enablctahe speuesi:dJ,L. to be |-n chemical e.q.um.bnum,;fN ’“fl’
the processes— L +® with a strength parameteythat is T AL+ The L’s will remain out of equilibrium.lations find

small enough to allow perturbative development in powerd€'ms that are effectively of lower order githan

of g; and N« L+ ® with a strength parametegy’ which is
taken as very small. We seek results for the rate of change of,

the r}umber ot’s, to I_owest o_rdeg’z. The mt_erestlng ques- leptogenesis scenarios in the literature, we cite, e.g., two equations
tion is now how the interactionl—L +®, with strengthg  fom Ref.[7]; Eq. (13), in which superficial dependence of a rel-
perturb the lowest order result; the usual “resonant” calcu-gyant averaged cross section, is proportional to a fadiéh)g,
lations find terms that are effectively of lower ordergthan  whereh is a coupling constant, and EA.8) where the reaction rate
(or the leading term therepis found to be of ordeh'h. Equivalent
equations occur in most of the references that we cite from this
*Electronic address: sawyer@vulcan.physics.ucsb.edu subject area.

To make clear the specific correspondence of this remark with
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4 CiEtin. Now we easily see the problem of the Feynman graph

L(x,t)=(vol) ; cje” Fite'hi, approach. To first ordeg’? and in the zeroth order ig? the
rate of production oL’s per unit volume, where the initial

_ o state has nd s is
L(X,t):(VOD_l/Zz Eje—lEjtemj-X'
. w0=27g"?nc(en)[1+Nng(€e) If(Ey—Eg),  (6)
Whereﬁj andc; are _the respectlvg ann|h|l_at|c_m operators forWherenF is the Fermi distributionn(e)=[1+exp(@e)] %,
L andL. Representing and®, with annihilation operators, n s the Bose distributionng(e)=[exp(8e)—1] * and

a; andb;, respectively we write the free Hamiltonian as =1/, To first order ing? we have two processes that pro-
ducel’s: B
Ho=En> alai+Eqs>, blbi+ 2> Ej(clcj+T/c)). (A) The processP +L—N—® +L with the rate
i | J
@ W= 2mg%g 2ng( €9)[ 1+ N( )]
A local interaction of the fields andL with the fieldsN ne(Ei— u)f(E)?
and®, where the latter two describe particles situated at the Xf T E_E _E72 (7)
origin, is given by (En—Eo—E)
f(Ej) Y2 - (B) The processN+L—®+L+L—N+L. For peda-
HFQZ [m (Cj+ECj)[NTq)]j gogical simplicity we arrange the initial densities such that
1LPRE this process is insignificant compared to that of A. We point
f(E;) 12 out in the subsequent treatment exactly the way in which the
+9> »(E) (c]+echHINDT];, (3)  perturbative anomalies in the rate for this second process get
J J

cancelled.

The prevailing view in the literature is that the singularity
in the integrand in Eq(7) is regulated by a “resummation”
that makes the replacement

where we have defined

[IN()TD(1)];= fvd3xe*ipJ'XNT(x,t)cb(x,t), (4)

e e
(Exw Es E) |EvEp E-1y' @
T — 3y i P~ T
NSV, fvd XeTNXH P (x.1). ® where vy is the decay width of thé\ particle, followed by
another replacement,
The functionf(E;) in Eq. (3) includes the density-of-states
factor  p(E;), defined such that 3,y(E,) 1 ‘2
= [dEp(E)Y(E)). It includes as well as any momentum Ew—Er—En—i | =
dependence of the effective coupling constant, and perhaps NTEeTETY
an ultraviolet cutoff factof.We choose parameters such that (EN—Eo—E))? ‘2
En—Eo>E; for some range of ,L states. The coupling that H‘(E —Eo—E )%+ 72| '
is “lepton number violating” in the sense that we defined N
above is given byg'=eg. The first replacement, above, is the obvious one to take into
In our detailed example, in order to address a problemyccount the nature of an unstable particle in an intermediate
that is absolutely well defined, we take the®,L to be in  giate. The second replacement is supposed to remove a per-
thermal and chemical equilibrium. We defipg .o ... 85 ceived double-counting, where a term in the resonance pro-
the chemical potentials for these species, With=p.q ductionT’; in the reactionL+®—L+® has recapitulated

T, and we define the quantitiesy=Ey—uy and e the decay rate from the direct decay of dnWe computey

=Eg—po . In the discussion section we shall return to thefrom the decay rate foN—L+® alone, and it is of order
relationship between the conditions assumed above and the

En—Eo—Ei+ivy ‘2
(En—Eo—E)2+4?

(€)

somewhat different conditions that obtain in a typical Iepto-g , whence,

genesis calculation. But we emphasize that our point is not to f 2 E 2

recapi - - (E))*(En—Eo—Ej) -
pitulate these calculations, but rather to address in the dEng(E)) =0(g~2). (10

simplest terms the dynamical questions raised below. [(En—Ego—Ej)2+%]?

With this modification,w*) of Eq. (7) is of orderg’?, or
20f course all local, relativistic models will have vacuum pro- reduced by two orders af from the superficial behavior of
cesses that give ultraviolet divergences that need to be removed e graph, by virtue of the singularity regulation. We do not
renormalization. However, these are irrelevant to the issues we deglaborate further on this procedure, which we claim to be a
with here. plausible series ofnsadze but incorrect.
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To find the correct expansion in powers@bf the com-  ticles. We could also have obtained E#5) starting from the
plete rate calculated to ordgf?, we show first that the field standard “reduction formulas” of field theory.
equations themselves give a simple formal expression, valid Choosing an equilibrium ensemble fid;®,L we get the

to orderg’2, for the net rate of change of the numberla§  rate expression
(the analogue in our model of the rate of the change of lepton

number in the theories which we are explicajinghis ex- w=2Z"1Tr
pression is of the form of a Fourier transform of an expecta-

tion value of a product two “currents” evaluated at different ) N .
space-time points, and is valid fany configuration of the Where Z is the partition function and where we take the
bystanding medium in which we are to take the expectatio¢hemical potentials to satisfy the equilibrium conditipg

e—ﬁ(H—znmnJ:dt[Kl(t),Kz(O)] . (16

value. =uLt e We specialize to the case in which there are no
We defineQ=EjE}rEj and note thatQ would be con- L’s in the medium so that only the term wit, on the left
served but for theeg=g’ terms inH. We have in the commutator in Eq(16) enters, and we set the expec-
tation offciT equal to unity, giving
d
d—?=i[H',Q]=i<K1—K2>, (19 .
where
where
FE) |2
K1=g’2 »(E) ¢[NT®];, .
7 LP(E; r(E)y=2"1Tr e*ﬂHinwﬂf dteEIN(t) ¢ T(1)];
f(Ej)}l/Z
K,=g'> |——==| CTI[Ng',. 12
29 2 [P(Ei) IS 12 ><[NT(0)¢>(0)]J}- (18)

We wish to calculatd dQ/dt) where the bracket indicates

. . We note that the right-hand sid®&HS) of Eq. (18) ap-
th_e avgrage value in th? '_m.ed'“m-.'” the abgence Qf the co ears to depend on the indgxt is the independence of the
pling g’ we choose the initial medium to be in an eigenstat

of O [we shall ultimately takeD to be zero, as in the ex- and ® energies on the respective particle momenta that
amples of Eqs(6) and(7))/ but this is not nécessa]r Then makes the expressigrnindependent, after the trace has been

P 4 ; y taken. With our normalizations all of the integrals over mo-
the expectation values ¢f;, andK, are zero. The terms of

orderg’? in the expectation value falQ/dt are generated menta in the perturbation expansion of £1) will be unity,

L ) .and we need concern ourselves with the energy integrals
by considering the linear response to the part of the Hamil- oy g

) . . b " only.
tonian that is proportional tg', .namely, OH=K;+K,. We now use the methods of thermal field theory to evalu-
The linear response of a Heisenberg operafd), evalu-

T NN _ ate the average in E@18). In thermal field theory, however,
ated att=0, to a perturbation in the Hamiltonian éH is a Heisenberg picture operator is defined by
given by

H-, ni,ui)t OSc@xp{—i(H—Z ni,ugiH,

(19

_fo O(t)=exp{i
5A(O)=—|f dt[A(0),SH(1)]. (13

Thus we can exhibit the term that is second ordeg’iin the

d in Eq.(18) the time d d f th t
expression for theperator dQdt, as and in Eq.(18) the time dependence of the operatbit)

and ¢'(t) is given by the Hamiltonian alone. We can, how-
ever, use the time dependences of Ed) in Eq. (18) pro-

0 . . . .
dQ/dt=J’ dt[(K1(0)—K,(0)),(K1(t) +Kx(t))]. vided thatE in Eq. (18) is evaluated in the end &=E;
—o — Nt pgy=Ej—u, rather than ab; . We thus replace Eq.
(149  @?nby
Following the steps of Ref11], Appendix A, and noting that )
the terms involving twdK;’s or two K,’s in Eq. (14) each w=g' J' dEf(E)r(Ej—uo), (20)

give vanishing contributions, we use time translational in-

variance and the antisymmetry of the commutator to obtainwith the additional understanding that now the evaluation of
r(E) in Eq. (18) proceeds according to the rules of equilib-

_ I rium statistical mechanics.
w=(dQldy= J—wdt<[K1(t)’K2(0)]>’ (19 As a point of terminology, we note that the operators that

enter in the definition of the functior(E), namelyN® " and

where we have now used the brackets to indicate the expedd'®, are the “currents” that enter the RHS of the field

tion in whatever ensemble we choose for tigb,L par- equations for the fields and L', divided byg. Thus the
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1
(o—i€y)(IE+w—iey) |
(24

thermal average of the unordered product, as we find it in Eq. do 1 Bw
(18), is directly related to the imaginary part of the self- Mo(E):—JZ—WiECOf(T)
energy function for thd. field. The construction of thermal c

Greens functions proceeds in imaginary time, and thermal

factors arise in the continuation back to real energies. Th
result is

Eor evaluation on the lower part of the contour we use

r(g)=

. 1 Bw| 1 1
1+eﬁE|m[M(E+|7])], (21 ECOI(T):§+ Jho_ 1 (25

whereM (E) is the imaginary time self-enerdgr “polariza-
tion part”) for the L, and 7 is infinitesimal® The argument

of M, reflects the continuation described above. Note that
the imaginary part of this polarization part is not related to 1 [(ﬁ“’) _ 1 1

For the upper part of the contour we use

57 €04 = . (26)

any real decay of thd., which is stable; it arises from 2i 2 giBo_q
energy-conserving processes in which themeets ab from
the medium, making whatever state, before coming back to The contribution toM

the original configuration o(E) from the =1/2 terms in the

. . ) identities(25), (26) can easily be seen to vanish, since both
In the first part of the calculation d¥l(E), given below, 165 of the multiplying factors of the integrand are in the
E is assigned a value that is equal#om/g wheremis an \yhar half plane. The remaining parts, coming from the sec-

odd positive or negative integer, according to the rule for the, 4 terms on the RHS's of Eq&5) and(26), are evaluated
discrete energies of fermions. At the end of this calculatiorby noting that we can close the contours at infinity and cal-
we have a function oE which despite having been defined ./ 5ie the residues at=ie . and atw= —iE+iey (remem-

on a discrete set of points is the unigque extension to th%ering thatE is imaginary(bwhereasN and e. are real and
whole E plane that vanishes at infinit& This function is to ¢
be continued to a nearly real energy, as indicated in(E1),
with the usual infinitesimal imaginary part B2 The quanti-
ties ep=Eg— ue and ey=Eyn— pn remain real throughout
this calculation. The lowest order single-loop graph For
—L has a ,®) loop with circulating energyw,, which we

take to be the energy of the line. The inverse propagator Note that the discrete value of the energys i wn/ 8 with n

for the @ line is w,—€q ; then the energy associated with 4y~ entered here to create the Fermi distribution deriving

the N line is E+ w,, with inverse propagatoE+ w,— ey . from the pole atw= —iE +i Next we use Ea(27) in E
The one-loop form foM, which we denote bjlo and which 5y obt:fining N 27 in Eq.

is of zeroth order irg?, is given by the sum over Matsubara
frequencies as

positive), giving

1 N 1
efes—1 efnt1l

Mo(E)= & L@

—entey

r(E)=2mg 28(E— ex+ €q) (1 +efn"Feg)~1

n=o

1 X Beg_ 7l+ BEN+ -1
Mo(E):,B_l (w — )(E+w — ), (22) [(e 1) (e 1) ]
n==x (On~ €y n” €N =279 25(E— e+ €g)[1—e Pee] 1+ efn] L
where w,=2ming, in view of our choosingw, to be the (28
energy of the intermediat® (i.e., boson line in the self-
energy bubble. This sum can be evaluated using leading finally to the rate, as given by EQO)
n=oo
dw 1 1)
gt > F(2wni):f2—7ﬂ§cot(ﬁ7)F(iw), (23 w®=27g'2 [ dEf(E;)8(E;+Ee—Ey)[1—e Pe] !
n=-—ox C

: : . . X[1+efen] 1,
which holds for a functiori(z) that has no singularities on [1+e™] 29

the imaginary axis. The contour, C, runs frofw to « just . .
below the real axis, then returns tex just above the real Eduation(29) is just the golden rul¢s) for the lowest order

axis. We get N—L+® process with the appropriate thermal factors
added for theN and thed.
While it may seem to have been a pointless task to derive
*The derivation of Eq(21) for the case of fermionic currents is the trivial lowest order rate in the above complicated way,

given in Ref.[11], Egs.(4.3) to (4.8). It can also be found in Ref, the reward is that the corrections to ordgrare now rela-
[12], Chap. 9, where it is, however, given explicitly for the Bose tively easy to define and to calculate. We need only to put in
case, so that the appropriate change must be made in the multiphe correction to théN inverse propagator, replacirg+ w,
cative thermal factor in order to obtain E@1). —ey In EQ. (22) by E+ w,,— ey—II(E+ w,), where
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o 1 1 In Eq. (32), no such problem arises in the evaluation. One
H(x)zng dE;f(Ej) > , way of seeing this, and the best first step before doing the
n'=—w Wn~ € X Wn € frequency sums, is to writeE+ w,— ey) 2= (d/dey) (E

(B0 +w,—ey) 1.4 Then the sums are performed using EzB),
followed by the continuation, taking the imaginary part, and

and wheree;=E;—u . The functionll is the self-energy finally taking theey (or E,,) derivative. Doing the frequency
bubble in which theN goes virtually into a and anL. sums, first for the inner sum in E432), and then for the

There is a completely analogous correction to ¢hen-  outer sum, is a straightforward mechanical procedure, and
verse propagator, which we will not write down. If we made we omit the details. The answer, after we substitute in Eq.
the appropriate replacement of, — €4 in Eq. (22) and ex-  (20), is remarkably simple,
panded, we would generate the scattering process B\i.e. 1 n
+L—®+L+L—N+L, plus the appropriate singularity- wH=27g'%g?

. . . — 1—e BEs—rg) @B(Ey—rg) — 1

regulating corrections to the basic deddy-L +®. The re-
sults of the calculations are completely parallel to those we

will discuss that relate to process A. For simplicity only, we XJ dg_& 7 ;}
stick to the range of parameters where the B channel is dis- 1+ ePE—r) JEN|[Ej+E4—Ey
favored.

In the language being used in the literature about this 1+ePEFEs i)

subject area, the relevant graphs have already been “re-
summed” whenll is included in the inverse propagator. In-

deed, the papers tO_WhiCh we compare our results keep onlyjs js the complete second order correction to the raté for
Im[II(x)], wherex=ey and the appropriate continuation gnhearance in the model described by the original Hamil-
has been made before taking the imaginary part. HOwever, g§nian e note that the term with(E;) in the last factor is

we see below, no “resumming” of any kind is needed in gyactly the (divergeny rate calculated from the +d—L
order to get the complete and finite answer to ogferThus +® Feynman graph, without “resumming.”

we simply use only the orde® term in the expansion of the  ggfore interpreting the other term, which removes the di-

propagator, i.e. we make the replacement in @@), vergence, we take the limit of Boltzmann statistieti u's
large and negativye

X . (33

) BN B

(E+ w—eN)_lﬂ(E-l— w—eN)_l

+(E+w—ey) *II(E+w). (31) W(Bl)=gzg’Zeﬁ(%*“N*E@)jdEjf(Ej)e*ﬁEi
The last term supplies the ordgf correction to the rate, J 1
given simply by replacindv, in Eq. (21) by Xa m
2prs | L L X[ ()~ f(Ex—E,)efE Ea e (34
MyE)=g’8" X 5| dEf(E) j ¢
n=—x [ Wy~ €p (E+wn_EN)

The integrandsafter taking the continuum limitn both Eq.
(34) and Eq.(33) are perfectly finite; they do not require

' (32 regulation, or even principal value prescriptions. Moreover,
there is no assurance that®) is positive; the counterterm
with f(En— Eg) can easily outweigh the first term in the last

and then substituting in Eq20). _ ~ factor in Eq.(34), and does so for some simple choices of
Actually, the structure of the expressigd2) probably is  f(E),

sufficient by itself to show that the answer is defined, and
finite, although we will show below the explicit form that
results from doing thev,, w, sums, again using the iden-
tities (25) and(26), followed be the continuation t@lmos) There are two other ways of obtaining the same results. In
real values of the energy, followed by taking the imaginarya careful real-time treatment as well, the inclusive matean

part. Indeed, the problem with the perturbation theoretidbe expressed as the imaginary part of a two-loop amplitude,
S-matrix approach that led to the perceived, and spuriousyhere the propagators are standard real time finite tempera-
need for the “resummation,” is precisely the double pole inture propagators. In a correct formulatiowith i 5's defining

the integrand, E+ w,— ey) 2. In the S matrix approacfin  the integrals all of the singularities are on the same side of
the superficial treatments that have been followaedlosely

related factor appears under an integral in a generic form—————

n'= 1 1
X >

n'=—w a)n/—eq, E+ wn—wnr—Ej

Il. ALTERNATIVE APPROACH

(E+w—Ey+in) _1(|_5+ o—Ey—i 77)__1. where 7 is infini- “This trivial trick is unavailable in the standard S matrix approach
tesimal, the integration contour being squeezed between thewe have resolved into exclusive final states since in that case the
singularities on both sides. denominator function is not a square, but rather an absolute square.
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the integration contours, so that this amplitude is nonsingu- f(E;)
lar. The real time approach may be less authoritative even if A= —ng L S — (39)
is a quicker way to get to the result. See Rf3] for a JTEe EN
demonstration of its delicacy in some circumstances similagng
to the ones of this paper. A real time approach based on f(E)) -1
Keldysh (2<x2 matrix Green’'s functions should be Z,—1= 1+92f dE —J} 1
problem-free however. "(Ej+Eg—Ep)?

The third approach goes back to the vacuum S matrix tE
calculation based on the Feynman rules but treats in addition ~—g2> (Ej) (39)
the medium-dependent wave-function renormalizatidi- k (Ej+Egp—En)?

WFR) that is required in such an approaltb]. We begin
from the lowest order result for the Boltzmann statistics caselNow we see that we can replace our imaginary time calcu-
but modified as follows lation of the last section by adding the “Feynman graph”
result, the first term on the RHS of E4), to sw'® from
WO =27g 2eBn EN- M (Ey—Ep+A)Z,, (35 E((ql.)(36), using Eqs(39) and(38), and defining the result as
Widwir- The difference between this result and E8g) is

which is just the Bolzmann limit of Eq(6) but with an ~ 9"V€M BY

energy shiftA for the N particle and a factor,, which is a

redefinition of the coupling constant. Now we calculate the Wi =W
lowest order difference between this modified rate and the
earlier lowest order result, d “(EN— E,e PEV

JEN|  Ej+Eg—Ey

=gzg’2eB”NJ dE;f(E))

14
&Ngo):g’zeﬁ(“NEN)[A( - B+ —) f(Ey—Eq)
FI=N

J
e FEN - B+ (9_ENf(EN_ Eg)
+(Z,—1)f(ENy—Eg)|. (36) Ei+E¢—En
The N propagator, with the single bubble self energy part, - e PENf(Ey—Eg) 0 40
1S (E;+E¢—Ep)? .

5 f(Ej) -1 Thus we can get the identical result as E84), with a lot
S(E)=|E-En+g f dE; E+E.—E| - (37 less work in the case of the present model, using the methods
e of this section. There are some reasons to favor the imagi-
nary time approach of the previous secti¢a. Rather than
depending on the cancellation of terms that are only defined
“formally, in a sense, the answer is never separated into indi-
vidually divergent terms(b) In the model at hand, it is thid
propagator that serves to define the renormalization constants
A andZ,. SinceN is an unstable particle, these definitions
could be questioned(c) In the more difficult relativistic
roblem studied if11] it was found that the terms 1/2 in
gs.(25) and(26) played the special role of picking out the
rvacuum” part of the expression, a part that was indepen-
dent of the temperature and the density of the medium, but
that carries ultraviolet divergences that are to be addressed in
the usual fashion.

The identification of the energy shit andZ—1 is accom-
plished by calculating the position of the pole of the propa
gator and the associated residue, both to lowest Grdbr,
taining

SIn principle, the Keldysh Greens function approach of R
should produce our results, both in the toy model and in the genuin
leptogenesis models. The particular contribution that we have dis;
cussed is contained in the two loop graph of Fig. 12¢ of this pape
a self-energy part for thefields. However in the sample evaluation
given in Ref.[14] of the imaginary part of this graph, the intermal
propagator is taken as an energy-independentl poinj interac-
tion, so that none of the problems that we have addressed are
present. If instead one uses the propagator that creates the singu- Ill. DISCUSSION
larities we have discussed in this paper, there will appear to be . .
squares of delta functions in individual terms, which are character- We explain further why the toy model poses the right

istic of real time approaches. But in the matfieldysh approach ~duéestion: o _

of Ref.[14] these terms should cancel, once again, so that there is (a) Momenta and relatlyltyWe not o_nly left out relativ-

no need for “resumming” for purposes of regulation. ity, but we discarded the kinetic energies of two of our four
®These MDWFR parameters are not even dependent on the m&inds of particles. In a limit in which th&l and® are very

dium, in a sense, in the present calculation. Note, however, that thejpassive, this is not such a bad mutilation, since the kinetic

would have been, if we had used the statistical factors in(&8).  energychangefor the heavy particle in any of our reactions

instead of taking the Boltzmann limit. would be small in any case. What if all the particles had
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finite mass and were relativistic? In the first place we wouldthis procedure leads to completely incorrect residual terms of
have a bigger manifold of nontrivial integration for the two orderg?g’? as one can see by comparison with our results. If
loop processes. In E¢32) we had a sum over momenta for one wants to follow the graph-baséeixclusive approach,
the L line only; in the realistic case there will be integrals there appears to beo alternativeto correctly treating the

over two three-dimensional loop momenta, and the constantgave function renormalization processes as in the last sec-
En,Eo would be replaced by functions of the momenta.tjon.

Moreover, there would be many further dependences of the Tq calculate the analogue of ogtg’? terms, but in a full

summand on the loop energies, reexpressed as Matsubggativistic model, one could follow the steps more or less

frequencies, coming from the relativistic propagators. How-, yiined above, first reducing the question to that of the equi-

ever, as regards to th_e double-pole smgu.lant.y N eNer9¥inrium average of a product of currents, then using the stan-
which enters, when the innocent factors multiplying this pole

i ) -dard methods of statistical mechanics. We would argue, how-
are evaluated at the pole position, the resulting structure wil .
. . ever, that one never needs these termgisfsmall, then they
recapitulateexactly the structure that we dealt with above.

Thus we are assured that there is no “resummation” requirecﬁio not mgtter compa_req to thg straigftt term. Ifg is Iarge,
to obtain a finite answer, again of ordgPg2, and therefore perturbation theory is inapplicable, and the answer is any-

probably no real point in doing the detailed calculation. ~ 20dy’s guess. Since we are not working in a situation in
(b) The initial state.The actual models being used in which coupling c.onstants are exactly. known, and since we
leptogenesis are of sufficient internal complexity to ratherd© Not seek precision results, these higher order effects must
frustrate the nonspecialiétuch as the present authar con-  be irrelevant.
fronting some of the details in this regard. Thus we avoid any We have followed a very computational path to arrive at
comments on the |arger issues and stick with our model witur conclusions. There surely are considerations that would
four species. But to begin with our first arbitrary assumption,0bviate the need for “toy models” to demonstrate the exis-
that the number of's in the medium was zero, this was just tence of the perturbation expansion of inclusive rates that

for convenience, in order to have half as many terms to dedf€/ve from formal expressions like that of EQ.8), even
with. When, in the derivation of Eq17) we sefc,c =1, and when the expansions for exclusive rates do not exist. We
. ’ ] 1

TciT=0 we could have set Iree_:mphasize that is e>_<actly What_happe_ned in the toy calcu-
ation; if we do exclusive calculations with graphs, the cor-
(CcHy=1-np(Ei— uD, rections to theN—® +L rate and the lowest ordeb +L
—®+L, each separately contain terms that are infinite in
<Eifa>: ne(Ej— 1), (42) perturbation theorywithout thei y device, but which cancel

in the inclusive rate. A graphical calculus of the inclusive
and calculated separately the terms for the creation and déate begins with a current at one end and another current at
struction ofL’s, and, if we liked, the back reaction qu the other end, with instructions to take the imaginary part to

. N . . . . get the rate. When graph has two or more lobfisen there
Taking the fieldL to be the true antiparticle manifestation of - 7 stk B et - : -
the field L and adding an equilibration procesself- are “cutting rules” which in principle give the inclusive rate,

= but where the individual cuts give the contributions of vari-
conjugate boson—L+L, we could also watch the system ous processes. These rules, as well as the general field-theory
mOVE towards its true e_qUIllbl’Ium with equal numbersLof background for our calculations are given in HG_‘B] What
andL particles andu, = . =0. But our point was rather to we have shown is that it is advisable not to use these “cut-
show how we can calculate the separate rates for the terntg rules,” but instead to do some integrals and combine
that increase and decrease the lepton number, and to sh@eme terms before taking the imaginary part. There is prob-
that these terms are individually free of the “resonance” pa-ably an provable general result that the inclusive rate is free
thology. Could one contrive an initial state in which the pa-of the pathologies addressed in this paper. In an analogous
thology was real? Perhaps one could, although the answer gase of radiative processes in zero-temperature field theory,
not obvious. But, to put questions like this into context, wethis was proved long agd7,18. Thus, for example, brems-
might reflect on the role of statistical mechanics in earlystrahlung divergences in exclusive amplitudes do not affect
universe problems. To the extent that we have equilibriumpne’s ability to compare laboratory cross sections to com-
everything is well defined and it is easy to retrieve the re{pletely perturbative predictions.
sults. We can also address situations that are out of equilib- The reader may note that in the present model the prob-
rium by a little, or which are in thermal but not chemical lems arise because of an unstable fieldyWhat if we change
equilibrium. The tools that we have described are sufficienthe masses so that the decay is forbidden? Then, of course, to
for these cases. To go farther in taking systems out of equithe order that we have considered, there are no issues to
librium is tricky. We must hope that physics does not forceaddress. If one were rash enough to look at perturbative cor-
us to follow the complete history of each degree of freedomrections to these rates, however, involving more particles in
We note that the authors of R¢R] agree with the quali- the medium as well as corrections that would be called “ra-
tative conclusior(no resonant enhancemgttiat we express
above. However, they achieve this result by subtracting twice
as much from the “resonant” term than is implied by the ’Note that in our terminology, the baskt decay is “one loop”
replacement(9). Besides being arbitraryin our opinion, and the scattering process is “two loop.”
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diative,” all of the same issues will surface. Following the S “colinear divergence} is an entirely different name to that
matrix approach{adding up graphs and weighting with ther- given to the source in the leptogenesis problg¢mmstable
mal factor$ in this case might well give finite correction field”), the resolution in the two cases is almost identical.
terms. But they will be the wrong terms, unless we(filaite) This neutrino problem can also serve to crystallize one’s
medium-dependent wave-function renormalization correctlyunderstanding of why the effect of adding an interaction that
The issues raised in this paper are really not those of treatreates a new channel for producing something often gives a
ment of unstable particles, but rather those of how one doesduction in the rate of this production. In every such prob-
field theory in a medium. lem there is a sum rule that says that the integrals of
To sum up with respect to the leptogenesis models: in oumomentum-space matrix elements of some weak currents,
opinion there will not be a resonant enhancement of an inweighted by kinematical factors, are independent of the other
clusive rate for change in lepton number. If our toy model isinteractions in the medium. When we turn on, say, the
deemed inadequate for making this point, then the authonucleon-nucleon interaction in the above example, the
making this claim should at least find an alternative to the'strength” as defined by the sum rule, is rearranged. The
incorrect procedures of Eg&3) and (9); if these procedures strength often moves toward domains that are out of the
are conceptually wrong in a simple case, then they are wroninematical domain allowed for the process that we are cal-
in a more complicated ca8e. culating. Thus we are not surprised that even when an inelas-
We comment briefly on another problem in which exactlytic channel is opened for neutrino scattering, by includiag
the same issues have surfaced, and in which “resumming,N interactions, more than enough strength is taken away
in the sense used above, also gives correction terms that afftem the zeroth ordefguasielasticchannel to reduce the net
both of the wrong order in coupling parameters and of theneutrino scattering rate. In the problem discussed in the
wrong sign. The physical situation is the scattering of a neupresent paper the sign of the first order correction depends on
trino from a nucleon in the supernova environment. There ishe functionf(E,). In the actual leptogenesis calculation,
a “zeroth order” quasielastic rate which is just teutral  done correctly, it could well be that the first order changes
curren) vacuum rate, given by cross section times densitywould be a reduction of the reaction rate, not the increase
But if one looks at a Feynman graph for the correction termghat one finds in the literature.
in which the nucleon that interacts with the neutrino is scat- We cannot refrain from commenting on an irony of his-
tered by other nucleons, tlisquaregifirst order correction to  tory. In the late 1960s in the particle physics world it was
the amplitude has a singularity that is nonintegrable, thigolitically incorrect to express the belief that there is an un-
coming from the kinematical region in which no energy is derlying Hamiltonian. So people asked, “if you don't have a
exchanged. The authors of R€i280—23 have addressed this Hamiltonian, how do you find the partition function, Tr
problem by putting a finite imaginary part in a denominator,[ exp(—~8H)]?” The classic paper by Dashen, Ma and Bern-
and relating this imaginary part to éstrong nucleon- stein[25] answered exactly this question. This paper showed
nucleon scattering rate in the medium. very generally how one can find the partition function from S
But in a consistent perturbation development the singularmatrix elements, for the case of particles interacting via two-
ity in question is cancelled by the interference between thdéody interactions. Of course, our questions go a little farther
second order amplitude, dead forward and elastic for théhan that of finding a partition function, and the interaction in
spectator particle, and the zeroth order result, disconnectealir problem is more complex as well, since we have particle
from the spectatdr24]. The interpretation of this last term is production and annihilation. If we ask, “how do we answer
exactly that of medium-dependent wave function renormalour questions using only S matrix elements@®vhich is
ization. We emphasize that while doing calculations this waysurely possiblg the answer must be “very carefully.” The
beginning with Feynman graphs, can get to the right answeirony is that in the present era we work from a Hamiltonian,
if done carefully enough and in a framework that recognizesand that it is intrinsically clearer just to calculate the quanti-
wave-function renormalization, the initio methods of the ties of interest from this Hamiltonian directly, rather than
present paper are a more convincing way of getting the samgoing through the intermediary of an S matrix.
results. Interestingly, a!though the conventlo_nal name given ACKNOWLEDGMENTS
to the source of the difficulties in the neutrino probléa
| am indebted to Yvonne Wong for bringing this literature
to my attention during the Spring workshop on neutrino
8We should emphasize that our remarks have no bedtireg we  physics at the Kavli Institute for Theoretical Physics, and to
know of) on the treatment of models with a number of Fermion Lowell Brown for indoctrination in the techniques used in

species, closely spaced in mass, for example in R&f. this paper.
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